Abstract: Harmonic superspace can be used to construct higher derivative terms in N = 2 supersymmetric effective actions despite the infinite redundancy in their description due to the infinite number of auxiliary fields. We are able to write down all of the 3-and 4-derivative terms on the Higgs, Coulomb, and mixed branches, modulo the possible existence of superspace Chern-Simons-like terms, which we discuss. Many of the terms we find are holomorphic, and at least one is shown to not receive quantum corrections.
Introduction
Higher derivative terms in N = 2 supersymmetric effective actions are of interest because some of them satisfy non-renormalization theorems [1, 2] . Among these higher derivative terms are the Wess-Zumino terms, which have been indirectly shown to exist in N = 2 theories [3, 4] . We have performed a systematic exploration of higher derivative terms at the 3-and 4-derivative levels [5] , which we summarize here.
Effective Actions
Low energy effective actions give the approximate behavior of a system at low energies/long wavelengths. We take the energy scale to be lower than any other scale in the theory, so that only massless particles appear. Among the bosons we are then left with only U (1) vectors, A µ , and neutral scalars, φ. Charged scalars get masses via the Higgs mechanism, and so need not be generically included.
At these low energies, we expand in the number of derivatives, since terms with fewer derivatives will be more relevant at long wavelengths. To do this expansion, we make use of a derivative dimension counting. The leading term in the expansion will be of the form g(φ)∂ µ ∂ µ φ. Since we want this to be of definite dimension, the function g, and therefore φ, must have dimension zero. Spacetime derivatives have dimension one (since it is they we wish to count), and supersymmetry then demands that vectors are dimensionless while spinors and Grassmann measures dθ (and equivalently Grassmann derivatives) have dimension 1 2 . Note that this derivative dimension is not the scaling dimension often used; we introduce it here just to count derivatives.
N = 2 Supersymmetry
These theories have two multiplets. The hypermultiplet, with superfield q + , and the vector multiplet, with field strength superfield W . In a generic vacuum, the expectation values of the two neutral massless scalar components of q + 's give the Higgs branches, while those of the (neutral) complex scalars in the vector multiplet give the Coulomb branches. We want to find possible higher dimension terms on each of these branches, as well as on the mixed branches, which contain non-zero vevs for both q + and W .
(Note that the field strength W of the Coulomb branch satisfies a constraint. The unconstrained fields are the vector potential superfields V ±± , but are gauge variant and have negative dimension and so are difficult to deal with. This is because at each derivative level an inifinte number of negative derivative dimension terms may appear. So, we assume for now that all terms can be written in terms of the gauge invariant field strength W . The possible exception to this, what we call superspace Chern-Simons-like terms, will be discussed later.)
A difficulty is that in any N ≥ 2 superspace we need an infinite number of auxilliary fields. This leads to an infinite number of terms at each derivative level. Since all the auxiliary fields must integrate out when substituted for using their equations of motion, this infinite number of terms is a unwanted redundancy.
This problem has a solution in the derivative expansion we are using. When we do this expansion, we are expanding aroung the solution to the 2-derivative, or kinetic term (ignoring Fayet-Illiopoulos terms). Thus, to look at 3-or 4-derivative (or higher) terms we can use the 2-derivative equations of motion to eliminate the auxiliary terms in favor of propagating fields. Any corrections to this will be of higher derivative order, and therefore unimportant. This demonstrates that auxiliary fields remain auxiliary at higher derivative order, and even though they may appear with derivatives, they do not become propagating.
Harmonic Superspace
We make use of harmonic superspace [6] to organize the infinite number of fields in terms of unconstrained superfields. Harmonic superspace extends the usual superspace by an auxiliary space SU (2)/U (1) ∼ S 2 . This is done by adding auxiliary bosonic SU (2) coordinates u ± to the usual superspace, which already has eight fermionic coordinates: θ ± , θ ± . The +/-gives the U (1) charge, so to mod out the U (1) group we look at expressions of definite +/-charge. In addition, there are derivatives involving only the u ± : D ++ and D −− . These derivatives and the u ± all have derivative dimension zero. These u ± variables can be thought of as living on a 2-sphere. They are unphysical, and must be integrated out so as not to appear in any physical quantity.
The fields can be written in terms of two different "halves" of the superspace, each satisfying a constraint. A chiral superfield satisfies the constraints D ± α W = 0, and is a function of only x C , θ + , and θ − :
An analytic superfield satisfies the similar constraints D + α q + = D + α q + = 0, and is therefore a function of only x A , θ + , and θ + :
Supersymmetric actions can be made by integrating over one of these halves of superspace:
or, over the union of the two, three-fourths of superpace: 4) or finally, over all of superspace:
Note that we must also, of course, integrate over the unphysical du, as well as d 4 x to get an action. By looking at all possible terms of these forms, we are able to get all of the 3-and 4-derivative terms, modulo the possible superspace Chern-Simons-like terms, mentioned earlier and discussed later.
Results
On the Higgs branches we find only 4-derivative terms, written as an integral of a Grassmann analytic function B(q + ; u ± , D ++ ):
Each of the dθ in the measure has derivative dimension 1 2 , and each spacetime derivative has dimension one, and so the term as a whole is dimension four. Note that this term is holomorphic, in that it depends only on q + , and not its conjugate q − .
On the Coulomb branch, we also find only 4-derivative terms, in the form of an integral over a chiral function G(W ):
Once again, this terms is holomorphic, since it depends only on W , not W . On the mixed branches we find a number of terms. First we have a 4-derivative term that is a simple integral over all of superspace:
There is no restriction on H; it need not be holomorphic in any of its variables. Note that there are terms on both the Higgs and Coulomb branches which are integrals over all of superspace, but we consider them to be special case of S M 4c . We also find 4-derivative terms that are written as an integral over three-quarters of harmonic superspace. Each of these has two spinor derivatives, as well as six dθ's in the Grassmann measure, for a total derivative dimension of four.
Notice that these functions F and G are holomorphic. Finally, we also find a 3-derivative term,
This term is important, for it is the leading contribution (after the kinetic term) to the low energy physics. These terms may still seem plagued with the infinite redundancy due to the infinite number of possible D ++ and D −− derivatives acting on the q + 's. This is not, however, the case. Recall that the second order (2-derivative) equations of motion can be used to eliminate the auxiliary fields at higher derivative order. It can be shown [5] that these second order equations of motion can reduced the number of D ±± derivatives to a finite number, thus making the expressions local in the u ± 's. This number of derivatives that it is necessary to include depends on the specific 2-derivative term in the theory, but is always finite. For example, if the 2-derivative term for the q + describes a free hypermultiplet, then only five (plus five more complex conjugate) combinations of D ±± and q + appear after auxiliary fields are solved for.
As mentioned, all of these terms except S M 4c are holomorphic functions of their fields. This limits the types of quantum corrections that may appear. In N = 2 supersymmetric QCD the strong coupling scale Λ can be thought of as the lowest component of a field strength superfield W . Thus terms of the form S H 4 can receive no Λ-dependent corrections, since W cannot appear; any such correction would break supersymmetry. The other holomorphic terms can only get corrections holomorphic in W : one loop and instanton corrections.
It can be shown [5] that the Wess-Zumino terms are in the S M 4c -type mixed branch terms. The other terms cannot have four antisymmetric spacetime derivatives.
Superspace Chern-Simons-like terms
We must also consider the possibility of terms on the Coulomb branch that cannot be written only in terms of the field strength superfield W , but require the use of the potential superfields V ±± . We refer to these as superspace Chern-Simons-like terms in analogy with regular ChernSimons terms-gauge invariant terms which cannot be written using only the gauge invaraint field strength F µν , but require also the gauge variant potential A µ . (Though Chern-Simons terms only exist in an odd number of spacetime dimensions, there is no such restriction for their supersymmetric cousins; in particular, superspace Chern-Simons-like terms do not have regular Chern-Simons terms in their component expansions.)
Superspace Chern-Simons-like terms are known to exist in N = 3 supersymmetric YangMills in four dimensions [6] . Their existence is still an open question in N = 2 and N = 1 superspaces.
Conclusions
We have shown that harmonic superspace can be used to make a systematic derivative expansion in N = 2 supersymmetric theories. This expansion uses equations of motion from the 2-derivative term to eliminate auxiliary fields at higher derivative order. We have found all terms at the 3-and 4-derivative level, and have located the Wess-Zumino term. This classification of terms is modulo the possible presence of superspace Chern-Simons-like terms, the existence of which we are currently investigating.
